PROMPT ENUMERATIONS AND RELATIVE RANDOMNESS
ANTHONY MORPHETT
Abstract. The ‘dynamic’ property of prompt simplicity has become an influential and important concept in the study of the c.e. Turing degrees. The equivalent property of prompt permitting
is a particularly fruitful notion, arising neatly from the technique of Yates permitting. We introduce an analogous notion, prompt non-low-for-randomness. Prompt non-low-for-randomness
is a prompt form of non-low-for-random permitting, which is the natural notion of permitting
in the context of relative randomness. We begin an investigation of this notion by showing that
the class of Turing degrees of promptly non-low-for-random c.e. sets is non-trivial and a proper
subclass of the non-low-for-random promptly simple degrees. We also consider prompt non-lowfor-randomness in the context of the LR-degrees and LR-reducibility, a weak reducibility arising
naturally from relative randomness.

1. Randomness and relative randomness
Algorithmic randomness has been a popular and fruitful topic of research in recent years.
Studies of the interactions between randomness and computability-theoretic notions have given
rise to many new techniques, concepts and classes. In this paper we will suggest a new concept,
a notion of promptness for computably enumerable sets in the context of relative algorithmic
randomness, analogous to the well-known notion of prompt simplicity. We begin to study the
class of such c.e. sets and investigate the relationship between this class and the promptly simple
Turing degrees.
Notions of algorithmic randomness attempt to formalise the idea of data being random as far
as can be detected by algorithmic methods. Although this can be done in several ways, such
as by formalising gambling strategies in the form of effective martingales or via compressibility,
one of the most successful notions of randomness is that proposed by Martin-Löf [19] in terms
of effective nullsets (measure 0 sets). A Martin-Löf test is a sequence of uniformly Σ01 classes
(Ui )i∈N such that
Ui+1 ⊆ Ui and µ(Ui ) ≤ 2−i
where µ denotes the usual Lebesgue measure on Cantor space 2ω . A sequence X ∈ 2ω is MartinLöf random if X is not in the intersection of any Martin-Löf test, ie.,
X∈
/ ∩i Ui for any Martin-Löf test (Ui )i∈N .
Since there are only countably many Martin-Löf tests, and the intersection of each is a nullset,
the Martin-Löf random sequences form a set of measure 1. The intersection of a Martin-Löf test
can be thought of as an effective nullset; a Martin-Löf random sequence is therefore one which
avoids all effective nullsets. We will henceforth just say ‘random’ to mean Martin-Löf random.
A comprehensive treatment of Martin-Löf randomness and related topics may be found in [21] or
[11].
An important property of Martin-Löf randomness is the existence of a universal Martin-Löf
test. Let (Uik )i∈N for k ∈ N be a computable listing of all Martin-Löf tests, so that Uik is the i’th
member of the k’th test. Then
[
k
(1)
Ui :=
Ui+k+1
k

for i ∈ N gives a universal Martin-Löf test: X is random iff X ∈
/ ∩Ui .
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The definitions of Martin-Löf tests and randomness may be relativised to an arbitrary oracle
A ∈ 2ω . We can thereby study the information content of A by examining the relative randomness
notions obtained by relativising to A. One particularly interesting complexity class obtained
from such study of relative randomness is the class of low-for-randoms. An oracle A ∈ 2ω is
low-for-random if the set of sequences random relative to A (the A-randoms) contains the set of
(unrelativised) random sequences. In other words, the randomness notion obtained by relativising
to A is exactly the same as the unrelativised randomness notion; the oracle A is of no use for
effectively approximating nullsets compared to the unrelativised case. A non-computable c.e. lowfor-random set was constructed by Kučera and Terwijn [16], and the class of low-for-randoms has
since been extensively studied. In particular, low-for-randomness was shown in [22] to co-incide
with two classes arising naturally in the context of Kolmogorov complexity: the K-trivials and
the low-for-K sets. A further equivalence was established in [13] with the class of bases for
randomness, those sets A which are computable from a sequence X which is random relative to
A. A presentation of these results may be found in [21].
Given two oracles A and B, we may compare their information content by comparing the
relative randomness notions they induce. A natural way to do this is with the LR-reducibility.
Say that A is LR-reducible to B, A ≤LR B, if the set of B-random sequences is contained in the
set of A-random sequences. More intuitively, A ≤LR B if any sequence that is not A-random is
also not B-random; the oracle B is at least as good for effectively approximating nullsets as the
oracle A. LR-reducibility gives rise to a degree structure in the usual way, by setting A ≡LR B
iff A ≤LR B and B ≤LR A. An LR-degree is an equivalence class under ≡LR . Note that the least
LR-degree consists exactly of the low-for-random sets. LR-reducibility was defined by Nies [22],
and LR-reducibility and degrees were further studied in [4, 5, 20].
Since Turing reducibility implies LR-reducibility, ≤LR is a weakening of ≤T . The existence
of non-computable low-for-random sets establishes that it is a proper weakening. However, ≤LR
retains many similarities to ≤T . For instance, both are Σ03 predicates (shown for LR for instance
by Theorem 2 below). Also, many techniques from the study of c.e. and ∆02 Turing degrees can
be adapted to work in the context of LR-degrees, such as Sacks restraints and coding methods
as in [4]. Permitting techniques can also be adapted to LR-degrees and non-low-for-randomness;
the technique of non-low-for-random permitting, first used in [7], has been used by Barmpalias
in [3] to show that each non-zero ∆02 LR-degree bounds uncountably many LR-degrees and in
[2] to show that there are no minimal pairs in the ∆02 or c.e. LR-degrees. The technique of
non-low-for-random permitting is outlined in section 3.
The main motivation of the work in this paper is to investigate whether promptness notions
such as prompt simplicity (which has proved a very important concept in the c.e. Turing degrees)
can be adapted to the context of relative randomness, non-low-for-randomness and LR-degrees.
In section 3 we propose a notion of prompt non-low-for-randomness, and begin an investigation
into the class of promptly non-low-for-random c.e. degrees. Since the notion of prompt simplicity
is so fruitful in the c.e. Turing degrees, it is reasonable to ask whether the analogous notion of
prompt non-low-for-randomness might be similarly fruitful in the context of relative randomness.
In section 5 and 6 we investigate the extent to which results and techniques from the study of
promptly simple degrees may be adapted to the promptly non-low-for-random degrees, and the
connections between the two notions. In section 7 we discuss the relationship between prompt
non-low-for-randomness and the LR-degrees.
We typically use the letters σ, τ, ρ etc to denote finite binary strings from 2<ω , and A, X, etc
to denote infinite binary sequences from 2ω . We identify elements of 2ω with subsets of N in
the usual way, and often use the terms sequence, set or oracle synonymously. For strings σ, τ ,
the notation σ ⊂ τ denotes that σ is a proper initial segment of τ , and σ ⊆ τ has the obvious
meaning of σ ⊂ τ or σ = τ . We also write σ ⊂ X to denote that the finite string σ is an initial
segment of the sequence X. A finite string σ can represent the basic clopen set

[σ] := {X ∈ 2ω : σ ⊂ X},
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and likewise a set of strings V ⊆ 2<ω can represent the open set
[V ] := ∪σ∈V [σ].
When dealing with sets of strings and the corresponding open subsets of Cantor space, we usually
omit the brackets, since it is clear from context whether we are talking about finite strings or
subsets of Cantor space.
It is convenient to work with an alternate formulation of Martin-Löf randomness to that given
above. For a set of strings V ⊆ 2<ω , define the weight of V ,
X
weight V :=
2−|σ| .
σ∈V

Say that V is bounded if weight V < ∞. A Solovay test is a bounded c.e. set of strings V ⊆ 2<ω .
A sequence X ∈ 2ω passes the Solovay test V if
there are only finitely many σ ∈ V s.t. σ ⊂ X,
ie. the set U contains only finitely many initial segments of X. The following characterisation of
Martin-Löf randomness is due to Solovay [25].
Theorem 1. X ∈ 2ω is Martin-Löf random iff X passes all Solovay tests.
As with Martin-Löf tests, there is a universal Solovay test; by treating a Σ01 class as a prefix-free
c.e. set of strings, one could take, for example,
(2)

V = ∪i Ui

where (Ui )i∈N is the universal Martin-Löf test (1).
A key characterisation of low-for-randomness and LR-reducibility is the following, combining
results of Kjos-Hanssen [14] and Kjos-Hanssen, Miller and Solomon [15]. A proof may be found
in [21].
Theorem 2. Let A, B ∈ 2ω . The following are equivalent:
(i) A ≤LR B;
(ii) for every A-Σ01 class T A with µ(T A ) < 1 there is a B-Σ01 class V B with
µ(V B ) < 1 and T A ⊆ V B ;
(iii) for some member U A of a universal A-Martin-Löf test, there is a B-Σ01 class V B with
µ(V B ) < 1 and U A ⊆ V B ;
(iv) for every bounded A-c.e. set of strings W A ⊆ 2<ω , there is a bounded B-c.e. set of strings
V B with
W A ⊆ V B;
(v) for a universal A-Solovay test U A ⊆ 2<ω , there is a bounded B-c.e. set of strings V B with
U A ⊆ V B.
Note that if A is low-for-random, then A ≤LR ∅, and so the statement that A is low-for-random
is equivalent to (ii)-(v) with ‘B-c.e.’ or ‘B-Σ01 ’ replaced with just ‘c.e.’ or ‘Σ01 ’, respectively (this
specific case of Theorem 2 was present in [16]). In particular, if A is not low-for-random, V is a
c.e. set and U A is a universal A-Solovay test, then
U A ⊆ V ⇒ weight V = ∞.
In the following discussion and constructions, the suffix [s] denotes the value of a parameter
or quantity at the end of stage s of a construction.
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2. Prompt simplicity and Yates permitting
The main notion of this paper is prompt non-low-for-randomness (Definition 5), which will
be defined in section 3. Before we give the definition however, we discuss prompt simplicity,
permitting and prompt permitting, to establish some terminology that will be useful in section 3,
and to make clear the parallel between prompt simplicity and prompt non-low-for-randomness.
We first give some background on prompt simplicity, and then discuss prompt (Yates) permitting,
a property equivalent to prompt simplicity. We will define the ‘permission set’ and the ‘prompt
permission set’ for prompt permitting. In section 3 we outline the technique of non-low-forrandom permitting, and after defining the permission set and prompt permission set for non-lowfor-random permitting, we give a definition of prompt non-low-for-randomness (Definition 5). At
the end of section 3 we give some conditions equivalent to Definition 5.
Let We (e ∈ N) be a standard listing of all c.e. sets, with a uniformly computable enumeration
We [s] such that We = ∪s We [s]. We call this the canonical listing of c.e. sets. By a suitable coding,
we can consider the We as sets of numbers or sets of strings as appropriate. An enumeration of
a c.e. set A is a computable sequence A[s] of finite sets such that A[0] = ∅, A[s] ⊆ A[s + 1] and
A = ∪s A[s]. The number x enters A at s if x ∈ A[s] − A[s − 1]. In the following, whenever we
work with a c.e. set A, we actually work with a particular enumeration A[s] of A. However we
will usually suppress the enumeration: when we say ‘a c.e. set A’ we mean a c.e. set A along with
an enumeration A[s] of A. We similarly assume without further mention that c.e. operators U
(considered as c.e. sets of axioms) come with a particular enumeration U [s].
In the 1980s, certain constructions in connection with structural properties of the c.e. Turing
degrees aroused interest in dynamic properties of enumerations of c.e. sets. Maass [17] defined
the notion of prompt simplicity: a c.e. set A is promptly simple if it is co-infinite and there is a
computable function f such that
∀e

We infinite ⇒ ∃x, s : x enters We at stage s and x ∈ A[f (s)].

This notion was further studied in Maass, Shore and Stob [18] and in an influential paper by
Ambos-Spies, Jockusch, Shore and Soare [1] (a presentation of this work may be found in [24]).
Say that a Turing degree is promptly simple if it contains a promptly simple set. Several important
results were proved in [1] about the promptly simple Turing degrees. In particular, they prove
that the promptly simple Turing degrees form a strong filter in the c.e. Turing degrees1, and the
non-promptly simple degrees form an ideal in the c.e. Turing degrees2. They also prove that the
‘dynamic’ property of being promptly simple is equivalent to two structural properties which are
definable in the first-order theory of the c.e. Turing degrees: being noncappable3 and being low
cuppable4. Prompt simplicity is thus a very fruitful notion in the study of c.e. Turing degrees.
Another dynamic property equivalent to prompt simplicity is prompt permitting.5 Let us say
that a c.e. set A is (Yates) permitting if for every infinite c.e. set We the set
P Y (We ) = {x ∈ We : x enters We at some stage s and A[s]  x 6= A  x}
1 A set F in an upper semi-lattice L is a filter if F is closed upwards and in taking greatest lower bounds (when
they exist); it is a strong filter if it is closed upwards and every pair of elements in F bound a third element in F.
2
A set I in an upper semi-lattice L is an ideal if it is closed downwards and in taking least upper bounds.
3
A c.e. Turing degree a is noncappable if there is no nonzero c.e. Turing degree b such that a ∩ b = 0.
4
A c.e. Turing degree a is low cuppable if there is a c.e. Turing degree b such that b0 = 00 and a ∪ b = 00 .
5
Permitting is a technique that, given a c.e. set A with some non-computability property (such as ‘being noncomputable’ or ‘being non-low-for-random’), allows one to build a second c.e. set B ≤T A (with some other desirable
properties) by ensuring that the approximation to B  n changes at a certain stage only if the approximation to
A  n also changes at the same stage. The non-computability property of A guarantees that A  n will change
sufficiently often for us to construct B with the desired properties. This is typically done by enumerating a ‘request
set’ W during a construction, where the number n ∈ W represents a request that the approximation to A  n change.
Permitting was originally used by Friedberg [12] and Yates [26], using the property that A is non-computable, and
in this form is known as Yates permitting.

PROMPT ENUMERATIONS AND RELATIVE RANDOMNESS

5

is infinite6. The set P Y (W ) is the permission set for W ; if we think of W as a set of requests
enumerated during a construction (where n ∈ W represents a request that the approximation to
A  n change), then P Y (W ) is the set of successful requests. It is easy to verify that for c.e. sets,
being Yates permitting is equivalent to being non-computable; in other words, constructions
involving Yates permitting can be done below any non-computable c.e. set.
The notion of prompt permitting arises from Yates permitting by requiring that the changes
to the approximation of A  n occur within a computable time. Although the non-computability
of A guarantees that infinitely many requests for changes will succeed, it provides no indication
of how long we might have to wait for any particular request to succeed. The notion of prompt
permitting is obtained by requiring that the successful requests succeed within a computable time
interval. Fix the c.e. set A and let f : N → N be a computable function such that f (s) > s. Let
(3)

PPYf (We ) = {x ∈ We : x enters We at some stage s and A[s]  x 6= A[f (s)]  x}.

PPYf (We ) is the set of prompt permissions from We , with respect to the function f . The c.e. set
A is promptly permitting if there is a computable function f such that f (s) > s and
(4)

∀e

We infinite ⇒ PPYf (We ) infinite.

In [1] it is shown that degrees of promptly permitting c.e. sets are exactly the promptly simple
degrees.
Theorem 3 ([1]). Let A be a c.e. set. The following are equivalent:
(i) A has promptly simple degree;
(ii) there is a computable function f such that for all e,
We infinite ⇒ PPYf (We ) infinite ;
(iii) there is a computable function g such that for all e,
We infinite ⇒ PPYg (We ) 6= ∅.
Although the property of prompt simplicity lends its name to this important class of degrees,
the property of prompt permitting is in practice the more useful notion. Although in the remainder of the chapter we talk of prompt simplicity and promptly simple degrees, we really think of
prompt permitting as the more basic property.
Note that condition (4) only concerns c.e. sets We from the canonical listing. Suppose X is a
c.e. set. If we wish to measure promptness of permissions from X, we must do so relative to the
canonical enumeration We [s] of some We such that We = X, and not relative to a non-canonical
enumeration X[s]. The usual way to do this is by the Slowdown Lemma.
Lemma 4 (Slowdown Lemma, [24]). Let Xe be a sequence of c.e. sets with a uniformly computable enumeration Xe = ∪s Xe [s]. There is a computable function q : N → N such that for all
e,

Wq(e) = Xe and Wq(e) [s + 1] ∩ Xe [s + 1] − Xe [s] = ∅.
That is, when we construct a sequence of c.e. sets Xe , we can computably obtain canonical
indexes for c.e. sets Wq(e) such that numbers enter Wq(e) strictly later than they enter Xe .
Proof. By the Recursion Theorem with parameters we can define q by
Wq(e) = {x : ∃s (x ∈ Xe [s] − Wq(e) [s])}.

6 In the notation P Y (W ) (and similar notations used later) there is an implicit dependence on A; however since

A is usually understood to be fixed, and to avoid additional subscripts we omit explicit mention of the set A. The
superscript Y for ‘Yates’ is to distinguish it from the non-low-for-random permission set P (W ) we will define later.
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3. Non-low-for-random permitting and prompt permitting
In the context of relative randomness and LR-degrees, the most natural form of permitting is
non-low-for-random permitting. This was first used in [7], and further developed by Barmpalias
in [3] and [2]. The idea of non-low-for-random permitting is as follows. Let A be a non-low-forrandom c.e. set. By Theorem 2, there is an A-c.e. set of strings U A with weight < 1 such that,
for any c.e. set of strings W ,
U A ⊆ W ⇒ weight W = ∞.

(5)

We can use this fact to force changes in the c.e. set A. Suppose at stage s during some construction
we wish some number < n to be enumerated into A, so that the approximation to A  n will
change. We can request a change by taking a string σ from U A [s] with use ≤ n and enumerating
σ into a c.e. set W . If we do this repeatedly, we threaten to make U A ⊆ W . By (5), if we succeed
in making U A ⊆ W then we must have weight W = ∞. Since the weight of U A is finite, the
strings in W − U A must contribute infinite weight to W . Each of these strings σ ∈ W − U A
corresponds to a successful change of some initial segment of A, as we had σ ∈ U A [s] at the
stage when σ was put into W . Hence we are guaranteed enough successful A-changes to ensure
weight W = ∞. This technique was used for instance in [3] to show that every non-zero ∆02
LR-degree has uncountably many predecessors in the LR-degrees.
Note the following point about the technique of non-low-for-random permitting as sketched
above. If we enumerate a string σ into W at stage s, then we have σ ∈ U A [s]. Let u be the
use of σ ∈ U A [s]. The request corresponding to σ succeeds as soon as A  u changes at a stage
after s. Suppose W is a given c.e. set (as opposed to one that we enumerate during a permitting
construction). If a string σ is enumerated into W at stage s but σ ∈
/ U A [s], then, as far as
permitting is concerned, σ is irrelevant until σ appears in U A [t] at some t > s (if ever). This
observation motivates the following definition of W ∗ . Fix the c.e. sets A and W , and the universal
A-c.e. set U A . As we approximate U A [s] in a Σ02 way, we can approximate the c.e. set
W ∗ = {σ : ∃s (σ ∈ W [s] ∩ U A [s])}
via the enumeration
(6)


W ∗ [s] = σ : ∃t ≤ s (σ ∈ W [t] ∩ U A [t]) .

That is, a string σ is enumerated into W ∗ at stage s if s is the first stage at which σ is in both
W [s] and U A [s]. Note that if U A ⊆ W then U A ⊆ W ∗ , and if A is non-low-for-random and
U A ⊆ W then weight W ∗ is infinite. For the purposes of non-low-for-random permitting, W ∗ is
equivalent to W .
With A fixed, let
PU A (W ) = {σ : σ enters W ∗ at some stage s,
σ ∈ U A [s] with use u and A[s]  u 6= A  u}.
This is the permission set for W for non-low-for-random permitting, the set of strings from W
that are permitted via U A . The ‘non-low-for-random permitting principle’ (5) can be expressed
as
U A ⊆ W ⇒ weight PU A (W ) = ∞.
We can now formulate a notion of prompt non-low-for-random permitting. Let f be a computable
function such that f (s) > s. By analogy with (3), we can define the prompt permitting set for W
with respect to U A and f ,

(7)
PPU A ,f (W ) = σ : σ enters W ∗ at some stage s,
σ ∈ U A [s] with use u and A[s]  u 6= A[f (s)]  u .
When the function f and/or class U A are understood to be fixed, we can omit the subscripts.
With this notation established, we can now give a definition of prompt non-low-for-randomness.
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Definition 5. Let A be a c.e. set. A is promptly non-low-for-random if there is an A-c.e. set U A
such that weight U A < 1 and a computable function f : N → N such that, for all e,
(8)

U A ⊆ We ⇒ weight PPU A ,f (We ) = ∞.

We say that A is promptly non-low-for-random via U A , f if U A and f satisfy (8). This definition
asserts that if U A is contained in a c.e. request set We , then the requests which succeed promptly
(w.r.t. f ) will have infinite weight.
As with the definition of promptly (Yates) permitting, Definition 5 only concerns c.e. sets
from the canonical enumeration. Note that in this case we measure promptness relative to the
enumeration of We∗ , which depends not only on the canonical enumeration of We but also on the
Σ02 approximation of U A .
It is clearly equivalent to require only that weight U A < ∞ rather than weight U A < 1 in
Definition 5. We now show that we can equivalently replace the condition
weight PPU A ,f (We ) = ∞
with
weight PPU A ,f (We ) ≥ 1.
Theorem 6. Let A be a c.e. set and U be a c.e. operator such that weight U A < 1. Then the
following are equivalent:
(i) there is a computable function g such that for all e,
U A ⊆ We ⇒ weight PPU A ,g (We ) = ∞;
(ii) there is a computable function f such that for all e,
U A ⊆ We ⇒ weight PPU A ,f (We ) ≥ 1.
Proof. (i) implies (ii) is immediate, so we prove (ii) implies (i). Assume (ii). We may assume
without loss of generality that f is strictly increasing and f (s) > s for all s. Let We∗ be a delayed
enumeration of a subset of We such that σ enters We∗ at s iff σ appears in We [s] ∩ U A [s] for the
first time at s. We will define the computable function g satisfying (i).
Let 2<k denote the set of all binary strings of length < k, and let Di , i ∈ N be a standard
computable listing of all finite sets of strings. Define the c.e. set Xe,k,i by the enumeration
Xe,k,i [s] = Di ∪ {σ : |σ| ≥ k ∧ σ ∈ We∗ [s]}.
In the limit we have

Xe,k,i = We∗ − 2<k ∪ Di ,
and strings of length ≥ k enter Xe,k,i at the same stage as they enter We∗ . Let q(e, k, i) be
a computable function obtained from the Slowdown Lemma 4 such that Wq(e,k,i) = Xe,k,i and
strings enter Wq(e,k,i) strictly later than they enter Xe,k,i . Note that for every k there is some i
such that
Di = U A ∩ 2<k = Wq(e,k,i) ∩ 2<k .
We now define g. Fix s, and let
Z = {he, σi : σ enters We∗ at s}.
For each pair he, σi ∈ Z, for each k < |σ| and for each i such that Di ⊆ 2<k , let te,σ,k,i be
the stage when σ enters Wq(e,k,i) . Define g(s) to be the maximum of f (te,σ,k,i ) over all those
te,σ,k,i just defined, or g(s) = f (s) + 1 if no te,σ,k,i were defined (ie., if Z is empty). Note that
g(s) > te,σ,k,i > f (s) since te,σ,k,i > s and f is increasing.
We claim that if |σ| ≥ k and σ ∈ PPU A ,f (Wq(e,k,i) ) for some i then σ ∈ PPU A ,g (We ). Suppose
that σ ∈ PPU A ,f (Wq(e,k,i) ) and |σ| ≥ k. Since Wq(e,k,i) − 2<k ⊆ We∗ , σ enters We∗ at some stage
s, and therefore enters Wq(e,k,i) at some t > s. Let u be the use of σ ∈ U A [s]. If σ ∈ U A [t]
with use u, then we must have A[t]  u 6= A[f (t)]  u since σ is promptly permitted, and hence
A[s]  u 6= A[g(s)]  u since g(s) ≥ f (t). So σ ∈ PPU A ,g (We ). Otherwise, either σ is not in U A [t]
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or it is in U A [t] with some other use; but either way A must have changed below u between s
and t and hence σ ∈ PPU A ,g (We ) since g(s) > t.
Now we can prove that g satisfies (i). Let  be such that 0 <  < 1 − weight U A . Suppose that
A
U ⊆ We . By (ii), PPU A ,f (We ) − U A has weight > , and so PPU A ,g (We ) − U A has weight > 
also since PPU A ,f (We ) ⊆ PPU A ,g (We ). Let k be such that

(9)
PPU A ,g (We ) − U A ∩ 2<k
has weight > . For some i we have Di = U A ∩ 2<k . Then U A ⊆ Wq(e,k,i) , and therefore
PPU A ,f (Wq(e,k,i) ) − U A

(10)

has weight > . By the earlier claim, PPU A ,f (Wq(e,k,i) ) ⊆ PPU A ,g (We ). Since the sets (9) and
(10) are disjoint, PPU A ,g (We ) has weight > 2. We may now repeat the argument with k such
that



weight PPU A ,g (We ) − U A ∩ 2<k > 2
to show that weight PPU A ,g (We ) > 3. We can repeat this argument arbitrarily many times,
each time adding  to weight PPU A ,g (We ). Hence weight PPU A ,g (We ) is unbounded, establishing
(i).

4. Prompt non-low-for-random sets
One usually obtains an example of a promptly simple set by analysing the standard simple set
construction. That is, Post’s example of a simple set (see Cooper [10], Theorem 6.2.3) turns out in
fact to be promptly simple via the identity function. The same thing occurs in the case of prompt
non-low-for-randomness; a standard construction of a non-low-for-random c.e. set in fact yields
a set which is promptly non-low-for-random. We now give a version of the non-low-for-random
construction, adapted slightly to simplify the promptness verification.7
Theorem 7. There is a c.e. set A which is promptly non-low-for-random. Moreover, we can have
A ≥T ∅0 .
We will construct the set A, as well as a sequence of c.e. operators Te to satisfy
Pe :

TeA ⊆ We ⇒ weight PPTeA ,id (We ) ≥ 1

where id is the identity function. We ensure that weight TeA ≤ 2−e−1 and that the TeA are pairwise
disjoint (as sets of strings). Hence we may set T A = ∪e TeA to obtain a bounded A-c.e. set such
that A is promptly non-low-for-random by Theorem 6 via T A and the identity function. We will
argue that A ≥T ∅0 automatically.
The basic strategy for Pe will be to put a string σ of fixed length l into TeA and wait for
σ ∈ We [s]. As soon as this occurs, we remove σ from TeA by enumerating into A below the use of
σ ∈ TeA [s], thus promptly permitting σ. Then we repeat with the next string of length l. After
at most 2l many repetitions, we will either have some string σ which never appears in We and is
permanently in TeA , and hence TeA 6⊆ We , or we will have promptly permitted all strings of length
l, which have weight 1. At any stage, there is at most one string in TeA of length l; thus TeA has
weight at most 2−l . Let We∗ [s] be (as in equation (6)) a delayed enumeration of a subset of We ,
such that a string σ is enumerated into We∗ at stage s iff s is the least such that σ ∈ We [s] ∩ TeA [s].
To simplify the verification, each time a higher priority requirement acts we will make Pe start
over with a new length l. Let j(e, s) be the number of times that any requirement Pe0 with e0 < e
j(e,s)+1
has acted by stage s, and let le [s] = pe
, where pe is the e’th prime. At stage s, Pe will use
strings of length le [s]. This simplifies the verification by ensuring that no two requirements will
ever use strings of the same length.
7 Usually one would obtain a non-low-for-random c.e. set indirectly, for instance by using the fact that all

low-for-randoms are low and hence that any non-low c.e. set is non-low-for-random. If one wished to explicitly
construct a non-low-for-random c.e. set, the construction of Theorem 7 would be the standard method.
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The construction consists of the Pe requirements in a finite injury setting. Initially we have A,
Te all empty. At stage 0, do nothing. At stage s + 1, let e be the least such that TeA [s] ⊆ We∗ [s],
or TeA [s] = ∅ and there is some string σ of length le [s] not in We∗ [s].
If there is some σ 0 ∈ TeA [s], then enumerate the use of σ 0 ∈ TeA [s] into A[s + 1] (removing σ 0
from TeA ). We say that Pe acts at s + 1.
Let σ be the lexicographically least string of length le [s] which is not in We∗ [s], if it exists. If
σ exists, declare σ ∈ TeA [s + 1] with fresh use u. If σ does not exist, do nothing more.
End of construction.
Lemma 8. For each e, Pe acts only finitely often.
Proof. This is a standard finite injury argument. Assume inductively that the claim holds for
e0 < e, and let s0 be the least stage such that no Pe0 for e0 < e acts at any s ≥ s0 . Then le [s]
is fixed after s0 . Note that if σ ∈ TeA [s] and σ 0 ∈ TeA0 [s] for e0 > e then the latter has larger use
than the former. Thus if Pe enumerates into A at stage s then all TeA0 [s + 1] become empty, for
e0 > e. If some string is put into TeA0 after s then it will have use larger than that of any string in
TeA . So enumerations into A by lower priority requirements will not disturb strings in TeA , and
any strings put into TeA after s0 will remain there until removed by Pe . After s0 , Pe can act at
most 2le [s0 ] times until every string of length le [s0 ] is in Ve .

Lemma 9. A is promptly non-low-for-random.
Proof. Set T = ∪e Te . Note that each TeA contains at most one string, of length ≥ e + 1, so
weight T A < 1. Suppose that T A ⊆ We . Let s0 be the least stage such that no requirement Pe0
for e0 < e acts after s0 . Then l := le [s] is fixed after s0 . At s0 , Pe will put the first string σ
of length l into T A . Since T A ⊆ We , there will be a least s1 > s0 with σ ∈ We [s1 ]. Since no
higher priority requirement ever acts after s0 , Pe will act at s1 and will enumerate into A below
the use of σ. Thus σ ∈ P P (We ). Pe will then put the next string of length l into TeA [s1 + 1].
Since TeA ⊆ We∗ , We∗ [s0 ] contains no strings of length l, and no other requirement uses strings of
length l, this will happen 2l many times, until every string of length l is in P P (We ). But then
weight P P (We ) ≥ 1. Hence A is promptly non-low-for-random by Theorem 6, via the operator
T and the identity function.

Lemma 10. A ≥T ∅0 .
Proof. Let f be a computable function such that
(
{0, 00, 000, 0000, . . .} if n ∈ ∅0 ;
Wf (n) =
∅
otherwise.
That is, Wf (n) enumerates ∅0 , and if it finds n ∈ ∅0 then it enumerates strings of zeros of every
length. From the proof of Lemma 8, it is clear that using an oracle for A we can find the least
stage after which Pf (n) is never injured. Let s0 be that stage. At s0 , Pf (n) will put a string of
zeros into TfA(n) with some use u. If n ∈ ∅0 , then Pe will enumerate into A below u. Thus it
suffices to find the least stage s1 ≥ s0 such that A[s1 ]  u = A  u. Then we have n ∈ ∅0 iff
n ∈ ∅0 [s1 ].

The method used above can clearly be combined with other finite-injury strategies. For instance, we could make A low by using the usual lowness strategy, or we could use Sacks restraints
(as used in [4]) to avoid a non-trivial upper cone of Turing or LR-degrees. In the presence of
restraints, we can no longer ensure that TeA contains at most one string, since a higher-priority
requirement might impose a restraint on Pe and prevent it from removing a string from TeA .
However, since Pe uses longer strings each time it is injured, we can argue that TeA contains at
most one string of each length, and thus the weight of T A is bounded.
We sketch the construction of a low promptly non-low-for-random c.e. set. In addition to the
requirements Pe as above, we also have the lowness requirements
Ne :

A
∃∞ s ΦA
e (e)[s] ↓ ⇒ Φe (e) ↓
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where (Φe )e∈N is a listing of all Turing functionals. We rank the requirements in the priority
ordering P0 , N0 , P1 , N1 , . . . in a finite injury setting. To satisfy Ne , if at stage s we see a new
computation ΦA
e (e)[s] ↓ with use u, we restrain A  u to prevent that computation from being
spoiled by enumerations into A by lower priority P -requirements. This might prevent the lowerpriority P -requirements from removing their strings from T A ; any strings in TeA0 [s] for e0 > e
at the time when Ne imposes its restraint will remain permanently in T A as junk. However, at
any time each requirement P
Pe0 will be working with at most one string of length le [s], so the
restraint will cause at most e0 >e le0 [s] weight of junk to be captured in T A . When Ne imposes
its restraint, the counters j(e0 , s) for e0 > e are incremented, so those P -requirements will start
work again with longer strings. For every e0 and every value of le0 [s] there is thus at most one
j(e0 ,s)+1
string of length le0 [s] = pe0
permanently in T A , and so the weight of T A is bounded by
X X j+1
2pe < 1.
e

j

The rest of the details are a straightforward finite injury construction similar to that of Theorem
7 and are omitted.
5. Prompt non-low-for-randomness, prompt simplicity and Turing degrees
We now show that the promptly non-low-for-random Turing degrees are a subset of the
promptly simple Turing degrees. In section 6 we show that the subset is proper. Although
the promptly simple Turing degrees form a filter in the c.e. Turing degrees, it is not known
if the promptly non-low-for-random Turing degrees form a filter. However we show that the
promptly non-low-for-random degrees are closed upwards under ≤T , and discuss the obstacles to
establishing the remaining filter condition.
Theorem 11. Let A be a c.e. set. If A is promptly non-low-for-random then A is of promptly
simple degree.
Proof. Suppose A is promptly non-low-for-random via U and f . We construct a computable
function g such that
We infinite ⇒ ∃x, s : x ∈ We [s] − We [s − 1] and A[s]  x 6= A[g(s)]  x.
That is, A promptly permits via g and hence has promptly simple degree by Theorem 3. We also
construct c.e. sets Ve for e ∈ N, and assume that we have a computable function q given by the
Slowdown Lemma 4 such that Wq(e) = Ve and strings enter Wq(e) strictly later than they enter
Ve .
Set g(0) = 0. At stage s + 1, do the following for each e ≤ s. Let x be the largest number
which entered We at s + 1, if any. If x exists, and if there is a string ρ ∈ U A [s] with use ≤ x and
ρ∈
/ Ve [s], then enumerate the oldest such ρ into Ve [s + 1]. Let te be the stage when ρ appears in
Wq(e) . If x or ρ do not exist then te is undefined. Finally, let g(s + 1) be the maximum of f (te )
for all those te defined at this stage (or g(s + 1) = g(s) if no te were defined).
Verification. Suppose that We is infinite. Then there will be infinitely many stages s when
some x enters We and there is a ρ ∈ U A [s] with use ≤ x and ρ ∈
/ Ve [s]. (To see this, observe
A
that for every ρ ∈ U there will be such a stage.) So we will enumerate infinitely many strings
into Ve , and since we always choose the oldest string to enumerate, we will have U A ⊆ Ve .
But then weight PP(Wq(e) ) = ∞ since A is promptly non-low-for-random. In particular, there
is at least one x, s and string ρ such that x enters We at s, ρ ∈ U A [s] with use < x, and
A[s]  x 6= A[g(x)]  x.

We show in section 6 that the converse of this does not hold.
We now show that prompt non-low-for-randomness is closed upwards under Turing reducibility.
The proof is an adaptation of that of Theorem XIII.1.6 from Soare [24].
Theorem 12. If A, B are c.e. sets, A ≤T B and A is promptly non-low-for-random, then B is
promptly non-low-for-random.
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Proof. Suppose that A = ΦB for a Turing functional Φ, and that A is promptly non-low-forrandom via U, f . Assume without loss of generality that f is nondecreasing, and assume the
convention that if ΦB (n)[s] ↓ with use u then ΦB (z)[s] ↓ for all z < n with use ≤ u. We define T, g
so that B is promptly non-low-for-random via T, g. We also construct auxiliary c.e. sets Ve . Let
q be a computable function given by the Slowdown Lemma 4 such that Wq(e) = Ve , and strings
enter Wq(e) strictly later than they enter Ve .
We can define T in advance: when we see a string ρ ∈ U A [s] with use u such that ΦB [s]  u =
A[s]  u, then declare ρ ∈ T B [s] with use v = use ΦA (u)[s] (if it is not already in T B [s]).
Initially all Ve are empty and g(s) undefined for all s. At stage 0, set g(0) = 0. At stage s + 1,
do the following for each e < s + 1. Let

X = We [s] ∩ T B [s] − Ve [s]
be the strings in We and T B but not in Ve at s + 1. If X is empty, then do nothing for e at this
stage. Otherwise, put each string σ from X into Ve [s + 1]. For each σ ∈ X, let tσ be the stage
when σ was put into T B with the current computation (ie, the least t < s + 1 such that σ ∈ T B [t]
with use u such that B[t]  u = B[s]  u), and let uσ be the use of σ ∈ U A [tσ ]. Let te be the least
stage such that for all σ ∈ X:
• σ appeared in Wq(e) at some t0 > s + 1 and te ≥ f (t0 ), and
• ΦB [te ]  uσ = A[te ]  uσ .
Finally, at the end of stage s + 1 declare g(s + 1) to be the maximum of those te defined at this
stage (or g(s + 1) = g(s) if no te were defined). End of construction.
Verification. First we observe that T B = U A : certainly if σ ∈ U A then there will be a stage
when σ ∈ U A [s] via a permanent computation, and ΦB [s] correctly computes A on the use. At
this stage σ will be put permanently into T B (if not already). Further, since strings are only put
into T B at s if they are already in U A [s] and ΦB [s] agrees with A[s] on the use, if a string leaves
U A after it has been put into T B then B must change below the use of the corresponding ΦB
computation, which will remove the string from T B also.
Suppose now that T B ⊆ We . Then U A = T B ⊆ Ve ⊆ We . Since A is promptly non-low-forrandom, we must have weight PPU A (Wq(e) ) = ∞. We claim that PPU A (Wq(e) ) ⊆ PPT B (We ),
and thus PPT B (We ) has infinite weight also.
Suppose σ ∈ PPU A (Wq(e) ). Let s0 be the stage at which we put σ into Ve . At s0 we have
σ ∈ We [s0 ] and σ ∈ T B [s0 ] with some use v. Moreover, s0 is the first stage at which σ is in both
We and T B (or else we would have put σ into Ve at an earlier stage). Thus it suffices to show
that B[s0 ]  v 6= B[g(s0 )]  v.
Let tσ and uσ be as in the construction, and let t0 be the stage when σ enters Wq(e) . We have
A[tσ ]  uσ 6= A[f (t0 )]  uσ ; either because A[t0 ]  uσ 6= A[tσ ]  uσ , or if A[t0 ]  uσ = A[tσ ]  uσ then
because σ ∈ PPU A (Wq(e) ). But
ΦB [s0 ]  uσ = A[tσ ]  uσ
6= A[g(s0 )]  uσ

since g(s0 ) ≥ f (t0 )

= ΦB [g(s0 )]  uσ

by choice of g(s0 ).

Therefore B[s0 ]  v 6= B[g(s0 )]  v, and σ ∈ PPT B (We ).



The equivalent of Theorem 12 for LR-reducibility instead of Turing reducibility does not hold.
We describe in section 7 that there is an LR-complete c.e. set B which is not promptly nonlow-for-random. In particular, B is ≥LR all promptly non-low-for-random sets including the
Turing-complete set from Theorem 7.
To show that the promptly non-low-for-random degrees form a filter in the c.e. Turing degrees,
it would suffice to show that given any two promptly non-low-for-random sets A, B there is a
promptly non-low-for-random set C which is computable in both A, B. Given A and B, one
would typically use double permitting below both A and B to construct the required C. In the
case of the promptly simple degrees, the argument is as follows. Suppose A and B are of promptly
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simple degree and we want to make C ≤T A, B promptly simple. Suppose at some stage we see
a number x enter a c.e. set We , and we would like to make C promptly permit x by changing
below x. We could enumerate x into a set Ve , and see if x is promptly permitted by A. If it is not
promptly permitted, then we abandon x and try again later with some other number from We .
If A does promptly permit x, then we enumerate x into a second set Ve0 and see if B promptly
permits x. If not, again we abandon x. Otherwise, we have received prompt permissions from
both A and B, so we can enumerate x into C, satisfying the prompt simplicity requirement for
We . The fact that A and B are promptly simple ensures that some x will eventually receive both
prompt permissions, although arbitrarily many other x may have to be discarded first.
In the case of prompt non-low-for-randomness, we would like to perform a similar construction.
Suppose we are given promptly non-low-for-random c.e. sets A, B and we want to construct C, T C
and g such that C ≤T A, C ≤T B and C is promptly non-low-for-random via T C , g. Suppose at
some stage we see a string σ ∈ We which we would like C to promptly permit. We put σ into
T C with some use u and then attempt to get A and B-permissions to change C below u. If the
A and B permissions both succeed then we can change C  u, promptly permitting σ. However,
if one of the A or B permissions fail, then we cannot remove σ from T C . It becomes junk and
contributes unwanted weight to T C . The risk is that weight T C will become infinite. The fact
that A and B are promptly non-low-for-random guarantees that the set of strings that do receive
both A and B permissions has infinite weight, but makes no guarantee about the strings that do
not receive both permissions. In particular we cannot ensure that weight T C < ∞. It is unknown
if the promptly non-low-for-random degrees form a filter in the c.e. Turing degrees.
6. Non-prompt non-low-for-randomness
We now present some c.e. Turing degrees that do not contain promptly non-low-for-random sets.
One class of c.e. degrees that are not promptly non-low-for-random are the cappable degrees: by a
theorem of [1], the cappable c.e. Turing degrees are exactly the non-promptly simple c.e degrees,
and by Theorem 11, every non-promptly simple Turing degree is not promptly non-low-forrandom. Cappable degrees are known to occur widely, for instance, in every class Lown and
Highn [18].
Certainly low-for-random degrees cannot be promptly non-low-for-random. These include both
promptly simple and non-promptly simple degrees: it is easy to construct a cappable low-forrandom c.e. set by adapting the usual minimal pair construction, and the standard cost function
construction from [16] of a non-computable low-for-random c.e. set yields a promptly simple
low-for-random set.
Hence there are c.e. Turing degrees which are promptly simple but not promptly non-low-forrandom. This example of a promptly simple low-for-random is not so interesting though, as a
low-for-random c.e. set does not (non-low-for-random) permit at all, let alone permit promptly.
A more interesting question is whether there is a non-low-for-random c.e. set which is promptly
simple but not promptly non-low-for-random. We now give a direct construction of such a set.
The strategy for making a set non-promptly non-low-for-random is very similar to that for making
a c.e. set cappable in the c.e. Turing degrees (ie. the minimal pair method).
Theorem 13. There is a non-low-for-random c.e. set A which is of promptly simple degree but
is not promptly non-low-for-random.
We will construct the required c.e. set A. Let hUe , φe ie∈N be a listing of all pairs of a
c.e. bounded operator U and a (possibly partial) computable function φ. We assume the convention that if φ(x)[s] ↓= z then z < s and φ(y)[s] ↓ for all y < z. To ensure that A is not promptly
non-low-for-random, it will suffice to construct a c.e. set Xe (with a canonical enumeration Wq(e)
given by the Slowdown Lemma 4) for each pair Ue , φe such that if φe is total then UeA ⊆ Wq(e)
but weight PPUe ,φe (Wq(e) ) < 1. That is, we will satisfy each requirement
Ne :

φe total and UeA infinite ⇒ UeA ⊆ Xe but weight PPUe ,φe (Wq(e) ) < 1.
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To ensure that A is of promptly simple degree, it suffices by Theorem 3 to make A promptly
permitting via the function f (s) = s + 2. Thus we have the promptness requirements
P Se :

We infinite ⇒ ∃x, s : x enters We at s and A[s]  x 6= A[s + 2]  x

for each e ∈ N.
Let Ve be a listing of all bounded c.e. sets; that is, c.e. sets such that weight Ve < 1. To make
sure that A is not low-for-random we also meet the non-low-for-randomess requirements
Pe :

T A 6⊆ Ve

for e ∈ N, where T A is an A-c.e. set with weight < 1 that we construct. By Theorem 2 this
ensures that A is not low-for-random. The construction will take place on a tree; in fact we will
uniformly construct a c.e. operator Tα for each P -node α on the tree, and we will set T A = ∪α TαA .
The strategy for meeting Pe is essentially that used in Theorem 7. A Pe -node α will place a
string σ of fixed length k into TαA and wait for σ ∈ Ve [s]. When α sees σ ∈ Ve [s], it removes σ from
TαA by enumerating into A, and repeats with the next string σ of length k. Since weight Ve < 1,
after at most 2k many repetitions we must have some σ such that σ ∈
/ Ve . This σ will be
permanently in TαA , but no other string will be permanently in TαA . By suitable choice of k we
can ensure that weight TαA is as small as necessary. Unlike Theorem 7, the tree framework will
mean that σ will not be removed from TαA as soon as it appears in Ve , but only when the node α
is next visited. Hence the strategy will make A non-low-for-random, without making it promptly
so.
Occasionally it will be necessary to impose a restraint on A; when this happens, α may be
unable to enumerate into A to remove a string from TαA . In this case, α must abandon its old
string σ (which remains permanently in T A ). To ensure that weight T A < 1, α will need to use
longer strings in future. It will increment k and restart its strategy. Each time α is injured, the
additional amount of junk contributed to T A halves. In a finite injury setting, α will be able to
satisfy its requirement while still contributing an arbitrarily small permanent weight to T A .
The strategy for Ne will be as follows. We will try to build a c.e. set X such that if φe is total
then UeA ⊆ X but PPUeA ,φe (X) has finite weight. Strictly, we should actually be concerned with
weight PP(W ) where W is a canonical version of X given by the Slowdown Lemma 4, but we
overlook this technicality in the following discussion. Suppose at stage s we have some string
τ ∈ UeA [s] with use u, but τ is not yet in X. Put τ into X[s], and note that τ ∈ X[s] ∩ UeA [s] for
the first time at s. We want to ensure τ is not promptly permitted with respect to the function
φe . This will happen if A changes below u before stage φe (s). If A  u does change before
stage φe (s) then τ will contribute to PPUe ,φe (X), which we want to keep small. So after we have
enumerated τ into X, we will restrain A  u until a stage t such that φe (s)[t] ↓ (by convention
if φe (s)[t] ↓= x then x < t). At stage t we may drop the restraint, since any change in A  u
after t will not contribute to PPUe ,φe (X). If φe (s) ↑, then we will never drop the restraint, but
nor will we ever impose any additional restraint for Ne . In this case, we have a permanent finite
restraint. Otherwise, when φe is total, the restraint will be dropped infinitely often, providing
infinitely many windows for the positive P -requirements to enumerate into A.
This situation is reminiscent of the construction of a minimal pair of c.e. Turing degrees. As
in the minimal pair strategy, the negative requirement either drops its restraint infinitely often,
or eventually imposes a single finite permanent restraint. With multiple N -requirements working
together, the (potential) difficulty for the P -requirements is that the different N -requirements
may not drop their restraints at the same time. This is solved exactly as in the minimal pair case
by performing the construction on a tree.
For the prompt simplicity requirements, we have to promptly enumerate some number into A
as soon as we see a larger number enter the c.e. set We . This would appear to be in direct conflict
with the negative requirements, which want us to delay enumerations. However, the Ne strategy
outlined above would in fact construct a c.e. set X such that UeA ⊆ X but PPUeA ,φe (X) = ∅. This
is stronger than we need to satisfy Ne ; we don’t need PP(X) to be empty, but merely to have
small weight. We can allow some weaker priority P S requirements to ignore a higher priority
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restraint, enumerate into A, and promptly permit some string in X, as long as the total weight
that is promptly permitted is small.
The tree will consist of nodes labelled Ne and Pe for e ∈ N. The prompt simplicity reqirements
P Se do not reside on the tree. Nodes of even length 2e are labelled Ne , and nodes of odd
length 2e + 1 are labelled Pe . N -nodes have two outcomes ∞ < f , representing, respectively,
the infinitary outcome where φe is total and UeA is infinite, and the finitary outcome where φe
is partial or UeA is finite. P -nodes have a single outcome 0. The ordering ∞ < f induces an
ordering on tree nodes as usual. We denote nodes of the tree by α, β etc. A node β has lower
priority than α if β extends α or is to the right of α.
We write Uα , φα to denote Ue , φe when α is an Ne -node. Each N -node α will build a c.e. set
Xα . Each P -node α has parameters kα which is a number, and σα which is aP
string of length kα .
Initially, assign each P -node α on the tree a unique parameter kα such that α 2−kα < 2−2 .
Let q be a function from N -nodes to N given by the Slowdown Lemma 4 such that Wq(α) = Xα
and strings enter Wq(α) strictly later than they enter Xα .
During the construction we will declare some nodes injured. When an P -node α is injured, we
increment kα and declare σα ↑. We needn’t do anything when an N -node is injured except to
note the fact.
We will say that an N -node is expansionary at a stage s if it is not waiting for a computation
φ(t) to halt, so it is safe to enumerate into A without promptly permitting any strings in Xα
(the formal definition is given below). Note that all nodes belonging to a single N -requirement
share the same pair U, φ and reside on the same level of the tree. Suppose that α, β are Ne -nodes
with α to the left of β. If at stage s the node α is waiting for a computation φ(t) to halt,
then it appears to α at that stage that φ is partial. Since α has stronger priority than β, β
may safely adopt α’s judgement and also assume at that stage that φ is partial. Thus β need
not act while α is waiting for a computation. We can thereby co-ordinate the nodes of each
N -requirement so that at most one node on each level is imposing restraint at any time. This
simplifies calculating the cost of enumerations for P S requirements. Note that this is the same
principle used in ‘measure-guessing’ constructions such as [8] and [7]. The following definition of
expansionary stage captures this principle.
Let α be an Ne -node. Say that a stage s is α-expansionary if Xα [s] = ∅, or
• t is the greatest β-expansionary stage < s for any Ne -node β ≤ α, and some string ρ was
put into Xβ [t + 1],
• ρ has appeared in each Wq(γ) for all Ne -nodes γ ≥ β by some t0 , t < t0 ≤ s, and t0 is the
least such,
• φe (t0 )[s] ↓, and
• UαA [s] − Xα [s] 6= ∅.
The first three clauses state that α (or a higher priority β) isn’t still delaying enumerations to
prevent a string from being promptly permitted; the last clause states that there is a new string
ready to be added to Xα .
To satisfy a promptly simple requirement P Se , we will need to enumerate a number into A
as soon as some larger number appears in We . Such an enumeration might cause some strings
from the Xα ’s to be promptly permitted. We will allow P Se to injure the lower priority N requirements Ne0 for e0 > e, but we need to ensure that P Se will cause only a small weight of
prompt permissions in the sets Xα belonging to higher-priority N -requirements. Let i, x, s ∈ N;
we define cost(i, x, s) which is the weight that would be promptly permitted into the sets Xα
belonging to Ni -nodes α if x were enumerated into A at stage s. Let β be the leftmost Ni -node
such that s is not β-expansionary, if it exists; let ρ be the string most recently added to Xβ at
some t + 1 < s, and let u be the use of ρ ∈ U A [t]. If x > u or if there is no such β then let
cost(i, x, s) = 0. Otherwise let cost(i, x, s) = 2−|ρ| .
To prevent the P and P S requirements from interfering with each other, we will reserve the
odd numbers for satisfying P S requirements and the even numbers for P . We will assume that

PROMPT ENUMERATIONS AND RELATIVE RANDOMNESS

15

when a string σ is put into some TαA with use u it remains there until the number u is enumerated
into A. In particular, σ remains in TαA even if numbers < u enter A.
A Pe -node α requires attention at stage s + 1 if σα ↑, or σα ↓, σα ∈ TeB [s] and σα ∈ Ve [s].
The construction. At even stages we will take action for N and P -requirements; at odd
stages we will take action for P S requirements. At stage 0 and 1, do nothing. At stage s + 1 > 1,
we are given A[s], φe [s] etc and we define A[s + 1].
If s + 1 is odd, then let e be the least such that P Se is not yet satisfied and there exists z and
an odd number x ≤ z satisfying
• z ∈ We [s + 1] − We [s − 1],
• x∈
/ A[s], and
• cost(i, x, s) < 2−e−1 for all i ≤ e.
If there is no such e then go to the next stage. Otherwise enumerate the least such x into A[s + 1]
and injure all nodes α of length |α| > 2e + 1 (these are all the Ne0 nodes for e0 > e or Pe0 -nodes
for e0 ≥ e). Declare P Se to be satisfied.
If s + 1 is even, then perform steps 1 and 2 below in order.
Step 1. Let α be shortest P -node that requires attention at stage s + 1 and such that if β
is an N -node with β ⊂ α then β _ ∞ ⊆ α iff s + 1 is β-expansionary. (Note that previously
unvisited P -nodes will always require attention, so such a node always exists). Let the current
approximation of the true path TPs+1 = α.
• If σα [s] ↑, then let σα [s + 1] be the lexicographically least string of length kα [s] which is
not in Vα [s]. Put σα into TeB [s + 1] with large even use. (Note that such a string must
exist since weight Vα < 1.)
• Otherwise, σα ↓, σα ∈ TαB [s] with some use u and σα ∈ Vα [s]. Enumerate u into A[s + 1]
to remove σα from TαA [s + 1], and declare σα [s + 1] ↑.
Step 2. For each N -node β ⊂ TPs+1 such that s is β-expansionary, in order of length, do the
following. Let ρ be the oldest string in UβA [s] − Xβ [s]. That is, the unique ρ ∈ UβA [s] − Xβ [s]
such that ρ was enumerated into UβA at some s0 ≤ s with use u, A[s]  u = A[s0 ]  u, and if
ρ0 ∈ UβA [s] then ρ0 was enumerated into UβA after s0 or ρ0 ≥ ρ (in the usual length/lexicographic
order). Enumerate ρ into Xβ [s + 1] and into Xγ [s + 1] for all Ne -nodes γ to the right of β. If ρ
does not exist then do nothing for β. Injure all P -nodes of lower priority than TPs+1 .
End of construction.
Verification. Say that s is an α-stage if s is even and α ⊆ TPs . α is accessible at s if s is
an α-stage. Define the true path TP = lim inf even s TPs . We verify simultaneously that the true
path TP is infinite, each node on TP is injured only finitely often, and that each P -node on TP
requires attention only finitely often.
Lemma 14. For each n, there is a unique node α of length n such that
(i) α is accessible infinitely often, and is the leftmost such node of length n;
(ii) α is injured only finitely often;
(iii) if α is a P -node, then α requires attention only finitely often and there is a string σ ∈ TαA
permanently but σ ∈
/ Vα .
Proof. Induction on the length n. The claim holds trivially for the root node. Assume inductively
that β is the node of length n satisfying the claim, and that s0 is a stage such that β is never
injured or receives attention after s0 . If β is an N -node, then for every β-stage s > s0 we have
either β _ ∞ ⊆ TPs or β _ 0 ⊆ TPs . If β is a P -node, then it has only one child β _ 0, and since β
never receives attention after s0 , we have β _ 0 ⊆ TPs for all β-stages s > s0 . Hence some child
of β is accessible infinitely often, and so (i) holds. Let α be the leftmost such.
The node α can only be injured when TPs < β or when some requirement P Se with 2e+1 < |α|
enumerates into A. The former occurs only finitely often by the induction hypothesis, and there
are only finitely many P S requirements with 2e + 1 < |α|, and each acts at most once. So α is
injured only finitely often.
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Suppose that α is a P -node. Let s1 be the least α-stage such that α is never injured at any
s ≥ s1 . Then kα is fixed after s1 , and α receives attention at s1 . Since weight Vα is bounded, it
cannot contain all strings of length kα . Hence there is a lexicographically least string σ ∈
/ Vα of
length kα . After receiving attention finitely many times after s1 , α will set σα = σ and will put
σ into TαA [s]. After this, σ is in TαA permanently and α will never require attention again.

We can now verify that the P and N requirements are satisfied by the nodes on the true path.
Lemma 15. Each requirement Pe is satisfied. Therefore A is not low-for-random.
Proof. By Lemma 14, T A = ∪α TαA 6⊆ Ve for all e. We just need to verify that weight T A < 1.
Let α be a P -node and jα be the initial value of kα . Since kα is increased each
α is injured,
P time
A
A
−j
−n−1
α
and at most one string is left inPTα with each injury, we have weight Tα ≤ n 2
. By the
choice of the jα , weight T A ≤ α 2−jα < 1.

Lemma 16. Each requirement Ne is satisfied. Therefore A is not promptly non-low-for-random.
Proof. Let α be the Ne -node on TP, and let s0 be the least α-stage such that α is never injured
at any s ≥ s0 . If φα is partial or UαA is finite, then Ne is satisfied and there are only finitely
many α-expansionary stages after s0 . Suppose that φα is total and UαA is infinite. Then there
are infinitely many α-expansionary stages after s0 , and at each such stage s we put some string
from UαA [s] into Xα . Since we always choose the oldest string from UαA [s] − Xα [s], if ρ ∈ UαA
permanently then eventually we will put ρ into Xα . Hence UαA ⊆ Xα = Wq(α) . We argue that
weight PPUα ,φα (Wq(α) ) < ∞.
Each time α is injured, some strings may be promptly permitted into PP(Wq(α) ). However α
is injured only finitely often so this contributes only finite weight to PP(Wq(α) ). The tree layout
ensures that lower-priority P -requirements will not contribute to PP(Wq(α) ), and after s0 nor will
higher priority P or P S requirements. So the only contributions to PP(Wq(α) ) after s0 can come
from requirements P Si with i > e. But each of these acts at most once, and contributes at most
cost(e, x, s) < 2−i−2 to PP(Wq(α) ). Thus the total contribution to PP(Wq(α) ) after s0 is at most
P
−i−2 = 2−e−2 , which establishes the claim.

i>e 2
Lemma 17. Each requirement P Se is satisfied. Hence, A is of promptly simple degree.
Proof. Let e be such that We is infinite. We show that eventually the cost conditions
cost(i, x, s) < 2−e−2 hold for each i < e and all sufficiently large x and s. Fix i < e, and
let α be the Ni -node on the true path. Because an N -node must wait for the leftward nodes
before it can have an expansionary stage, we have the following fact. Either (i) α has infinitely
many expansionary stages, or (ii) there are only finitely many stages when any Ni -node is expansionary. If (ii) holds, let s0 be a stage such that no Ni -node is expansionary after s0 . Then
cost(i, x, s) = 0 for all x, s > s0 . If (i) holds, let s0 be a stage such that no string shorter than
e + 2 is added to Wβ after s0 for any Ni -node β. Then cost(i, x, s) < 2−e−2 for all x, s > s0 .
Let s1 be such that cost(i, x, s) < 2−e−2 for all i < e and all x, s > s1 , and such that no
requirement P Sj for j < i acts after s1 . Let z, s > s1 + 1 be such that z is enumerated into We
at s. Then some x ≤ z will be enumerated into A at the first odd stage ≥ s and P Se will be
satisfied, if it is not already satisfied. This establishes Lemma 17 and Theorem 13.

As noted earlier, the nodes belonging to each requirement Ni co-operate in such a way that
there is at most one node on each level imposing restraint at any time. This is exactly the
condition required for constructing a c.e. set that is LR-complete (≥LR ∅0 ) via the measureguessing technique, used originally in [8] and further in [6, 7, 20]. We can in fact modify the
above construction to make the set A be LR-complete, by replacing the P -requirements with the
LR-completeness strategy exactly as in Theorem 1.1 of [7]. Since the N -strategy already satisfies
the condition that at most one node on each level imposes restraint at a time, the modifications
needed to make A LR-complete are straightforward and we omit the details.
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7. Prompt non-low-for-randomness and LR-degrees
So far we have been investigating prompt non-low-for-randomness within the Turing degrees.
We might ask whether the LR-degrees of promptly non-low-for-randoms form a nice class within
the LR-degrees also. Although it is possible that the class of LR-degrees of promptly non-lowfor-randoms might have some nice properties, the LR-degrees do not seem as natural a setting
for the study of prompt non-low-for-randomness as the Turing degrees. Theorem 12 shows that
prompt non-low-for-randomness is Turing degree-invariant: if A is promptly non-low-for-random
and A ≡T B for c.e. sets A, B, then B is also promptly non-low-for-random. This does not hold
for LR-degrees however; an LR-degree can contain both prompt and non-prompt non-low-forrandoms. By Theorem 7 there is a Turing complete, and therefore LR-complete, promptly nonlow-for-random c.e. set. By the result from [6] that there is a cappable LR-complete c.e. Turing
degree (or the stronger result of [7] of a non-cuppable LR-complete c.e. Turing degree), and the
implications
cappable ⇒ not promptly simple ⇒ not promptly non-low-for-random
there is an LR-complete c.e. set that is not promptly non-low-for-random. Hence the LR-degree of
∅0 contains promptly and non-promptly non-low-for-random c.e. sets. Moreover, by the remarks
at the end of section 6, the LR-degree of ∅0 contains a promptly simple but not promptly nonlow-for-random c.e. set. Thus the LR-degree of ∅0 contains c.e. sets of all possibilities: promptly
non-low-for-random, promptly simple but not promptly non-low-for-random, and not promptly
simple.
It is not known whether there is a nonzero c.e. LR-degree that contains no promptly non-lowfor-random c.e. sets, or whether there is a c.e. LR-degree in which all the c.e. sets are promptly
non-low-for-random. One possible approach to the latter is via jump inversion. If a is a Turing
degree which is ≥T ∅0 and c.e. in ∅0 , the atomic jump class of a is the set of those c.e. Turing
degrees b such that b0 = a. The Sacks jump inversion theorem (see Soare [24] VIII.3.1) states that
every atomic jump class is nonempty. Cooper [9] showed that there is an atomic jump class that
contains only noncappable c.e. Turing degrees: there is a degree a c.e. in and ≥T ∅0 such that if a
c.e. degree b has b0 = a then b is noncappable. Since B ≡LR C implies B 0 ≡tt C 0 , the LR-degree
of such a b contains only noncappable, and hence promptly simple, c.e. sets. If Cooper’s theorem
could be strengthened to produce an atomic jump class of promptly non-low-for-randoms, ie
b0 = a implies b is promptly non-low-for-random, then this would give a c.e. LR-degree in which
all the c.e. sets are promptly non-low-for-random.
A similar jump inversion argument cannot produce a nontrivial c.e. LR-degree without promptly
non-low-for-randoms however, because promptly non-low-for-randoms occur in every atomic jump
class. Robinson [23] proved that the Sacks jump inversion theorem can be done above any low
c.e. Turing degree. That is, given a low c.e. Turing degree d and a Turing degree a c.e. in and
≥T ∅0 , there is a c.e. Turing degree b ≥T d with b0 = a. By the comments after Theorem 7, there
is a low promptly non-low-for-random c.e. set D. By Robinson’s theorem, every atomic jump
class has a representative ≥T D, and hence promptly non-low-for-random by Theorem 12. (The
same argument works for showing that promptly simples occur in every atomic jump class.)
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